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Abstract
A porous material with large irregular holes is here studied as a hyperelastic continuum with latent microstructure, and the
mechanical balance equations are derived from the general ones for a medium with ellipsoidal microstructure. This is done by
imposing the kinematical constraint of microstretch bounded to the macrodeformation: in this case, the microstructure disappears,
apparently, and the response of the material involves higher gradients of the displacement without incurring known constitutive
inconsistencies. An application to the propagation of asymptotic waves compatible with such a model is also considered. Physical
situations corresponding to an axisymmetric motion either in spherical or cylindrical symmetry are considered, and it is shown
that the time evolution of the wave amplitude factor is governed by the spherical and cylindrical Korteweg–deVries equations,
respectively.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The general mechanical balance equations for a medium with ellipsoidal microstructure have been obtained by
one of us in [15], where it has been supposed that the material element of the body contains a big pore filled
by an inviscid fluid or by an elastic inclusion, both of negligible mass, which could have a microstretch different
from (and independent of) the local affine deformation ensuing from the macromotion, and so could allow distinct
microstrains along the principal axes of microdeformation, in absence of microrotations. Hence, when the microstretch
is constrained to be spherical, it has been there obtained as a particular case, namely the voids theory of Nunziato and
Cowin [25], which describes continua with “small” spherical pores that may only contract and expand homogeneously.
Refinement of the voids theory has been necessary to characterize the more complex microstructure of the pores for
which a single kinematic parameter, the volume fraction of the pores, is not sufficient to describe the microdeformation
of the holes when they are large or irregular (see, e.g., the experimental observations on bending and torsion of
bones and polymer foam materials in [21]). In fact, the effects of the shape of the pores and of the geometry of the
microscopic pores’ surface in the description of bone canaliculi, or of lacunae containing osteocytes, has been pointed
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out by Cowin [10]; nevertheless, some problems of physical concreteness and of mathematical hardness could arise
(see, e.g., [18,9]).
Here we suppose that the holes in the material are void of matter, and so we obtain the mechanical equations of
motion for the microstructured porous body by imposing, as an internal constraint, that the microstate is completely
determined by the macrostrain, so that only an indirect trace of the microstructure remains: it becomes latent [2,22].
Therefore, only one mechanical balance is needed to determine the motion of the body and its form gives the
impression of being the classical Cauchy’s equation, even if some usual tenets are not retained, i.e., the stress tensor
may depend on time or spatial derivatives of higher-order of the displacement, and it need not be symmetric, in general.
Moreover, there is an influx of mechanical energy through the boundary of any part of the body, the interstitial working
of Dunn and Serrin [12], depending on internal microactions, and in excess to the classical value due to macro-
tractions. Our interpretation is in line with an old remark of Toupin [27] on the possibility of viewing hyperelastic
materials of the second grade as Cosserat’s continua with constrained microrotations (see, also, [18]).
Afterwards, by choosing peculiar constitutive prescriptions that, in absence of pores, correspond to a model of a
non-linear elastic solid, we study a problem of wave propagation by using an asymptotic approach [14,1]. In particular,
we face this problem by considering an axisymmetric motion in spherical and cylindrical symmetry. In order to balance
nonlinear effects with dispersive and/or dissipative effects, we introduce new slow space and time variables (involving
a small parameter ), so that the resulting governing equations of order 0 in  look like a non-autonomous first-order
quasilinear hyperbolic system of Partial Differential Equations (PDEs); on the contrary, microstructural effects appear
in the equations with terms of order 3.
By looking for asymptotic solutions having the features of progressive waves [13], we find that the normal wave
speeds are determined by the principal hyperbolic part of the governing system, whereas the higher-order effects
accounting for the microstructure enter the evolution equations (spherical or cylindrical Korteweg–deVries equation,
see [23,20,26]) of wave amplitude factor.
2. Mechanics of media with ellipsoidal microstructure
For a continuum B with ellipsoidal microstructure, we fix a “natural” reference placement B∗, i.e., a region of the
3-dimensional Euclidean space G which is homogeneous and free of residual stresses. A generic material element of
B∗ is denoted by X; thus the mechanical behaviour of B is described by two smooth mappings on B∗ × R (R is the
set of real numbers): the spatial position x ∈ G at time τ of the material point, which occupied the position X in the
reference placement B∗, and the symmetric tensor field with positive determinant U ∈ Sym+ (Sym+ is the collection
of such tensors) that describes the changes in the ellipsoidal structure, namely a left micro Cauchy–Green tensor.
The mapping x(X, τ ) is a bijection, for each τ , between the reference placement B∗ and the current placement
Bτ := x(B∗, τ ) of the body B; therefore, the deformation gradient F := ∇x(X, τ )(= ∂x/∂X) is a second-order tensor
with a positive determinant.
Hence, in a medium with ellipsoidal microstructure, a rotationQ = e−Es of the observer of a characteristic vector s,
where E is Ricci’s permutation tensor and e the basis of natural logarithms, induces the symmetric tensor U to change
into Us = QUQT. Moreover, the infinitesimal generator A of the group of rotations on the microstructure in Sym+
(see [4]), i.e., the operator describing the effect of a rotation of the observer on the value Us of the microstructure to
the first order in s, is given by
A(U) := dUs
ds
∣∣∣∣
s=0
; (1)
that is, in components:
Ai jk = UilEl jk + EiklUl j . (2)
The kinetic energy density per unit mass is here the sum of two terms: the classical translational one, 12 x˙
2, and one
due to the microstructure, κ(U, U˙), which expresses the inertia related to the admissible expansional micromotions of
the pores’ boundaries (the superposed dot denotes time derivative); this extra term is a non-negative scalar function,
homogeneous in U, such that κ(U, 0) = 0 and ∂2κ
∂U˙2
6= 0, and it is related to the kinetic co-energy χ(U, U˙) by the
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Legendre transform
∂χ
∂U˙
· U˙− χ = κ (3)
(see, also, [6]).
The kinetic co-energy χ , as κ , must have the same value for all observers at rest, i.e., it must be invariant under the
Galilean group and hence satisfy the condition
A˙∗ ∂χ
∂U˙
= −A∗ ∂χ
∂U
, (4)
where (A∗C) · c := C · (Ac), for all tensors C and all vectors c. By inserting the expression (2) ofA into Eq. (4), and
by multiplying both sides by the Ricci’s tensor E , one obtains the relation
skw
[
U˙
∂χ
∂U˙
+ U∂χ
∂U
]
= 0, (5)
where ‘skw’ denotes the skew part of a second-order tensor.
The referential mechanical equations of balance governing an admissible kinetic process for our microstructured
medium are obtained by the local ones of [16]:
ρ∗ = ρ detF, (6)
ρ∗x¨ = ρ∗f+ DivP, (7)
ρ∗
[
d
dτ
(
∂χ
∂U˙
)
− ∂χ
∂U
]
= ρ∗H− Y+ DivΛ, (8)
E(PFT) = A∗Y+ (∇A∗)Λ, (9)
ρ∗ε˙ = P · F˙+ Y · U˙+ Λ · ∇ U˙, (10)
where ρ is the mass density and ρ∗ its referential value; Div means the trace of the nabla: Div (·) := tr (∇ (·)); f
is the vector body force, P the Piola–Kirchhoff stress tensor, ρ∗H and −Y the resultant symmetric tensor densities
of external and internal microactions, respectively, Λ the microstress third-order tensor, symmetric in the first two
indices, ε the specific internal energy density per unit mass.
The resultant external microactions H are interpreted as a controlled pore pressure, while the internal microactions
Y include interactive forces between the gross and fine structures as well as internal dissipative contributions due to
the stir of the pores’ surface. Finally, the referential microstress tensor Λ is related to the capability of recognizing
boundary microtractions, even if, usually, it expresses weakly non-local internal effects due to the impossibility of
defining a physically significant connection on the manifold of the microstructural kinetic parameter (see [5,7]).
By following the same procedure used to obtain relation (5), from the balance of moment of momentum (9), one
obtains that
skw (PFT) = 2 skw [UY+∇ U Λ] , (11)
where the tensor product  between third-order tensors is so defined: (∇ U Λ)i j := Uih,LΛ jhL .
3. Porous solids as continua with latent microstructure
The description of a porous material with empty large interstices, which do not diffuse through the matrix material,
is here depicted as a continuous body whose microstructure U is internally constrained to be equal to the left (macro)
Cauchy–Green tensor B:
U ≡ B = FFT ∈ Sym+. (12)
Therefore, only an indirect trace of the presence of the microstructure remains, and one dramatic fact emerges:
the microstructure becomes latent and the Piola stress tensor may depend on higher order derivatives of displacement
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such as acceleration gradients; nevertheless, some well known inconsistencies with rational thermodynamics can be
fixed (see [2,3,17]).
The use of the constraint (12) and of the balance of angular momentum (11) allows us to write the right hand side
of the balance of mechanical energy (10) (representing the opposite of the total power density of internal actions Pint )
in the following form
−Pint = P · F˙+ Y · B˙+ Λ · ∇ B˙
=
[
P+ 2YF+ 2Λ∇ (FT)
]
· F˙+ 2Λ ·
[
F∇ (F˙T)
]
= sym
[
PFT + 2(YB+ Λ∇ B)
]
· sym (F˙F−1)+ 2Λ ·
[
B∇ (F−T F˙T)
]
, (13)
where ‘sym’ denotes the symmetric part of a second-order tensor.
Now we analyze the frictionless internal constraint, given by relation (12), by using the general setting of [19]:
firstly, we suppose that both stress and microstresses are the sum of two terms, an active component, which is specified
through suitable constitutive relations, and a reactive component, namely:
P = Pa + Pr , Y = Ya + Yr , Λ = Λa + Λr ; (14)
finally, we impose that since the power density of internal actions, expended by the reactive parts of stress and
microstresses, must vanish for every velocity distributions allowed by the perfect constraint, we have the following
relation:
Pr · F˙+ Yr · B˙+ Λr · ∇ B˙ = 0, (15)
for all F˙ and all ∇ F˙. By using (12) and (13)3, it is easy to check that (15) implies
PrFT + 2YrB+ 2Λr ∇ B = 0,
Λr
{
(F⊗ B)T +
[
(F⊗ B)T
]t} = 0, (16)
where the minor right transposition (of exponent t) on a tensor Ω of the fourth order has the following meaning:
Ω t A = Ω(AT), for each second-order tensor A. In components, relation (16)2 is so written:
(Λr )i j L [Fl LBhj + FhLBl j ] = 0. (17)
It is possible to use the balance Eqs. (8) and (11) and the relation (16)1 to eliminate the reactive part Pr of the Piola
stress from the referential Cauchy’s equation (7), thus arriving at a set of pure (say, reaction-free) consequences which
alone are sufficient to study the evolution of our solid material with big pores. In fact, we have:
PFT = PaFT − 2(YrB+ Λr ∇ B)
= PaFT + 2YaB− 2(YB+ Λr ∇ B)
= PaFT + 2YaB− 2[Div (BΛr )]T + 2
{
ρ∗
[
d
dτ
(
∂χ
∂B˙
)
− ∂χ
∂B
−H
]
− DivΛa
}
B
= sym
(
PaFT + 2YaB
)
+ 2 skw (∇ B Λa)− 2[Div (BΛr )]T
+ 2
{
ρ∗
[
d
dτ
(
∂χ
∂B˙
)
− ∂χ
∂B
−H
]
− DivΛa
}
B, (18)
the third term of which, multiplied by F−T , has a vanishing divergence owing to relation (16)2 and the properties of
symmetry of B and Λr . Moreover, the expression for the tensor PFT is not necessarily symmetric, in general.
Hence, the pure field equation governing the mechanical processes is the referential version (7) of the Cauchy’s
equation, where only constitutive components of internal actions, the stress and microstress fields appear:
ρ∗x¨ = ρ∗f+ Div Pˆ; (19)
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in Eq. (19), we introduced the reduced Piola–Kirchhoff stress tensor
Pˆ := P+ 2[F−1Div (BΛr )]T =
{
sym
(
PaFT + 2YaB
)
+ 2 skw (∇ B Λa)
}
F−T
+ 2
{
ρ∗
[
d
dτ
(
∂χ
∂B˙
)
− ∂χ
∂B
−H
]
− DivΛa
}
F, (20)
which is the sum of three terms: a tensor of micromomentum flux
M := 2ρ∗
[
d
dτ
(
∂χ
∂B˙
)
− ∂χ
∂B
]
F,
due to a sort of surface flux of microinertia, a flux of external actions tensor
N := −2ρ∗HF,
and a tensor of partial stress
P˜ :=
{
sym
(
PaFT + 2YaB
)
+ 2 skw (∇ B Λa)
}
F−T − 2ρ∗(DivΛa)F.
The corresponding reactions to the constraint (12) are determined by the balance of micromomentum (8):
DivΛr − Yr = ρ∗
[
d
dτ
(
∂χ
∂B˙
)
− ∂χ
∂B
−H
]
+ Ya − DivΛa, (21)
once a solution of the motion of porous materials is obtained from (19) (and within the intrinsic indeterminacy deriving
from a partial identity of effects of the fields Λr and Yr , as discussed in Sections 205 and 227 of [28] or in Remark 1,
Section 3 of [8]).
At the end, we are able to write the balance of energy (10) for our model of porous solids in a more significant
expression: by using the micromomentum balance (8) to eliminate the internal microactions Y and, then, by inserting
the Legendre transform (3) and the constraint (12), we obtain the following equation:
ρ∗ε˙0 = P · F˙+ ρ∗λ0 + Divw, (22)
where we added to the internal energy ε the mechanical one κ due to the fluctuations of the pores’ boundary, and we
introduced the density of heat sources λ0 due to the microstructural contribution and the so-called interstitial work
flux vector w (see [12]), which depends, explicitly, on the microstress tensor Λ and the time derivative of B; that is:
0 :=  + κ, λ0 := H · B˙ and w := ΛTB˙. (23)
4. Constitutive choices
We wish to observe that, within the classical context, no constitutive equation can be proposed for a hyperelastic
medium involving the second gradient of the displacement ∇ F (or ∇ B in the isotropic case) for the known
incompatibility of some of those prescriptions with the Clausius–Duhem inequality–unless, e.g., one introduces in
the balance equations the interstitial work of Dunn and Serrin [12], or the flux of entropy due to longer range spatial
interactions of Mu¨ller [24].
On the contrary, continua with first strain gradient effects are acceptable if they are thought of as continua with
latent microstructures. In fact, let us suppose that the specific internal energy density ε of our isotropic hyperelastic
porous material B be a function of the state of B through the set S ≡ {B, ∇ B} only. Therefore, it represents a kind
of potential per unit mass of all internal actions, and it is easy to derive the following constitutive prescriptions from
the balances of mechanical energy (10) and of moment of momentum (11), when the relation (15) is applied:
sym
(
PaFT + 2YaB− 2ρ∗ ∂ε
∂B
B
)
= 0, (24)
skw
(
∇ B Λa − ρ∗ ∂ε
∂B
B
)
= 0, Λa = ρ∗ ∂ε
∂(∇B) . (25)
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The following compatibility condition on the internal energy ε:
skw
(
B
∂ε
∂B
+∇ B ∂ε
∂∇B
)
= 0, (26)
which comes out from relations (25), expresses simply the condition of frame-indifference for ε, namely,
ε
(
QBQT, (Q∇ B)tQT
)
= ε (B,∇ B) , (27)
for each Q ∈ Orth+.
Now, to study the problem of propagation of waves in a porous material, we consider a simple expression, quadratic
in B˙, for the density of kinetic co-energy χ , and suppose for the internal energy ε a similar dependence in own
constitutive variables, i.e.,
χ := κ∗
2
B˙ · B˙, ε := λ
4
(trB)2 + µ
2
tr (B2)+ β
4
∇B⊗∇B, (28)
where κ∗ is a non-negative microinertia coefficient and λ, µ and β elastic constants. We observe that the two
compatibility conditions (4) and (26) are both satisfied by functions χ and ε given by (28).
With these hypotheses, the Legendre transform (3) for χ , and the relations (24) and (25)2 for the constitutive fields
Pa,Ya and Λa , furnish the following expressions for the kinetic energy κ , the active part of the microstress tensor Λa
and the symmetric part of the tensor
(
PaFT + 2YaB
)
, respectively:
κ = κ∗
2
B˙ · B˙, Λa = ρ∗β2 ∇B, (29)
sym
(
PaFT + 2YaB
)
= ρ∗[λ(trB)I+ 2µB]B, (30)
where I is the identity tensor.
Hence, the micromomentum fluxM and the partial stress tensor P˜ are given by:
M = 2ρ∗κ∗B¨F, P˜ = {ρ∗[λ(trB)I+ 2µB] − Div (ρ∗β∇B)}F. (31)
We can observe that MFT and P˜FT depend on the micro-acceleration B¨ and on the second gradient of the left
Cauchy–Green tensor B (and so on that of F), respectively; therefore, the reduced Piola stress tensor Pˆ has the same
properties.
In the end, the pure field equation of motion (19) reduces to
ρ∗(x¨− f) = Div
{{
ρ∗
[
λ(trB)I+ 2(µB+ κ∗B¨−H)
]− Div (ρ∗β∇ B)}F} . (32)
The further assumptions that the body forces f and H vanish, and that the reference placement B∗ of the porous
material is homogeneous and of constant density ρ∗, lead us to obtain the following simplified version of the referential
Cauchy’s equation of motion (32):
x¨ = Div {[λ(trB)I+ 2µB+ 2κ∗B¨− β∆B]F} , (33)
which is a particular case of a non-linear elastic isotropic porous material with strain gradient effects viewed as a
continuum with latent microstructure of Capriz type [4].
5. A problem of wave propagation
Here we face two physical situations corresponding to the assumptions of axisymmetric motion in spherical and
cylindrical symmetry.
By introducing the velocity vector
v = ∂x
∂τ
,
P. Giovine et al. / Computers and Mathematics with Applications 55 (2008) 307–318 313
we rewrite the equations of motion (33) in Cartesian coordinates in the following form:
∂vi
∂τ
− ∂
∂X J
(
λBkkFi J + 2µBikFk J + 2κ? ∂
2Bik
∂t2
Fk J − β ∂
2Bik
∂XL∂XL
Fk J
)
= 0, (34)
∂Fi J
∂τ
− ∂vi
∂X J
= 0,
where we introduced the compatibility condition (34)2 and used the convention of sum over repeated indices.
In the spherical case, let us consider a nonlinear elastic spherical shell which, in its natural (unstressed)
configuration, occupies the region
R1 ≤ R ≤ R2, 0 ≤ Θ < pi, 0 ≤ Φ ≤ 2pi,
where R, Θ and Φ are spherical polar coordinates, whereas R1 and R2 are the inner and outer radii of the spherical
shell. The position vector of a material point of the body in the deformed configuration can be written as
x = r(R, τ )er , (35)
where er is the radial unit vector in the deformed configuration. The inhomogeneous spherically symmetric
deformation can be written in the form
r = r(R, τ ), γ = Θ, φ = Φ,
where r , γ and φ are the spherical polar coordinates of a material point in the deformed configuration. The matrix
representation of the deformation gradient tensor F with respect to the two sets of spherical polar coordinates has the
form
F =

dr
dR
0 0
0
r
R
0
0 0
r
R
 .
On the contrary, in the case of cylindrical symmetry, let us consider a hollow circular cylindrical tube of material
which, in its undeformed natural configuration, is contained in the region
R1 ≤ R ≤ R2, 0 ≤ Θ ≤ 2pi, 0 ≤ Z ≤ L ,
where R, Θ and Z are cylindrical polar coordinates, whereas R1 and R2 are the undeformed radii of the inner and
outer cylinders, respectively, and L is the height of the cylinders. In this case, the position vector of a material point
of the body in the deformed configuration is still given by (35), where er now is the radial unit vector to the cylinders
in the deformed configuration, and the axisymmetric deformation of the tube is defined by
r = r(R, τ ), γ = Θ, z = Z .
The matrix representation of the deformation gradient tensor F with respect to the two sets of cylindrical polar
coordinates has the form
F =

dr
dR
0 0
0
r
R
0
0 0 1
 .
To obtain the equations in spherical symmetry amounts to inserting into (34) the following ansatz:
vi = xir v(R, τ ), (36)
Fi J = rR δi J +
xi X J
r R
(
∂r
∂R
− r
R
)
, (37)
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where i, J = 1, 2, 3 and r (respectively, R) are the radial spherical coordinates in the deformed (respectively,
reference) configuration.
On the contrary, the equations in the case of cylindrical symmetry are obtained by inserting into (34) the following
ansatz:
vi = xir v(R, τ ), (38)
Fi J = rR δi J +
xi X J
r R
(
∂r
∂R
− r
R
)
, (39)
where i, J = 1, 2; moreover, it is
v3 = 0, Fi3 = F3i = δi3,
where r (respectively, R) is the radial cylindrical coordinate in the deformed (respectively, reference) configuration.
In both cases the system (34) reads:
∂v
∂τ
−
[
(3λ+ 6µ)g2 + νλh2 + (2− ν)λ
] ∂g
∂R
− 2νλgh ∂h
∂R
+ νλ
R
(h − g)(g2 + νh2 + 2− ν)+ 2νµ
R
(h3 − g3) = f, (40)
∂g
∂τ
− ∂v
∂R
= 0, ∂h
∂τ
− v
R
= 0,
where g = ∂r
∂R , h = rR and ν = 1, 2 depending on whether we have cylindrical or spherical symmetry, respectively;
the function f , depending upon R, g, h and some of the partial derivatives of g and h with respect to R, and τ , up to
the third-order, has the following expression:
f = 2g2
(
2κ?
∂3g
∂τ 2∂R
− β ∂
3g
∂R3
)
+ 2νh
2
R
(
β
∂2h
∂R2
− 2κ? ∂
2h
∂τ 2
)
+ 4g
(
2
∂g
∂R
+ νg
R
)(
κ?
∂2g
∂τ 2
− β ∂
2g
∂R2
)
+ 8κ?g ∂g
∂τ
∂2g
∂τ∂R
+2νh
R
[
β
(
∂h
∂R
)2
− 2κ?
(
∂h
∂τ
)2]
− 2 ∂g
∂R
[
β
(
∂g
∂R
)2
− 2κ?
(
∂g
∂τ
)2]
+2νg
R
[
3β
(
∂g
∂R
)2
− 2κ?
(
∂g
∂τ
)2]
+ 2β
R2
[
(2+ ν)g2 − νh2
] ∂g
∂R
+ 2βνh
R2
(νh − 2g) ∂h
∂R
+ 2β
R3
(h2 − g2) [(2− ν)g − νh] . (41)
Therefore, we have a nonlinear system where the microstructural effects are described by the term f involving
higher-order derivatives, which are responsible for dispersive and/or dissipative effects when a wave propagation
problem is considered.
6. Asymptotic waves
In order to balance nonlinear effects with dispersive and/or dissipative effects, let us introduce new slow space and
time variables [14,1]:
η = 3/2R, θ = 3/2τ,
where  is a small parameter.
In the new variables, by introducing the column vector u = [v, g, h]T, system (40) can be written in the following
compact form
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∂u
∂θ
+H(u)∂u
∂η
+ b(u, η) = 3c (42)
where
H(u) =
 0 −3(λ+ 2µ)g2 − νλh2 − (2− ν)λ −2νλgh−1 0 0
0 0 0
 ,
b(u, η) =

νλ
η
(h − g)(g2 + νh2 + 2− ν)+ 2νµ
η
(h3 − g3)
0
−v
η
 ,
and c = [ f̂ , 0, 0]T, where f̂ is obtained from f by the formal substitutions of τ with θ and R with η.
We will show that system (42), which is nonautonomous, in the limit  → 0 turns out to be hyperbolic and does
not involve the microstructural terms that are of order 3.
Here we are interested in solutions of the field equations having the features of a progressive wave [13]. We have a
progressive wave when there is a family of propagating surfaces such that the magnitude of the rate of change of the
field (or, eventually, of its derivatives) when we move with such surfaces is smaller than that observed when we move
across the surfaces (this concept is a generalization of the simple waves).
Within such a framework, the problem of wave propagation may be investigated by introducing the following
asymptotic expansion:
u = u0(η)+ u1(θ, η, ξ)+ 2u2(θ, η, ξ)+ O(3), (43)
where u0(η) is a steady solution of system (42) for  = 0 representing the state where the waves propagate,
ξ = −1ϕ(θ, η) is a fast variable, ϕ(θ, η) being the phase function to be further determined. The solution u0 is
taken to be of the form
u0 =
 0(ν − 1)αηα−1 + (2− ν)
(ν − 1)ηα−1 + (2− ν)
 ,
where α is a suitable constant.
We note that in the case of cylindrical symmetry (ν = 1), the state u0 is constant and corresponds to the reference
configuration, whereas in the case of spherical symmetry (ν = 2) we may have either a constant state u0 by taking
α = 1, or a non-constant state when α is a real solution of the following cubic polynomial:
3(λ+ 2µ)α3 + 2(λ+ 2µ)α2 + 2(3λ+ 2µ)α + 4(λ+ µ) = 0; (44)
since all the coefficients of the polynomial (44) are positive, its real solutions are negative.
By inserting (43) into (42), and setting the coefficients of different powers of  termwise to zero, we obtain the
following conditions:
(H0ϕη + ϕθI)∂u1
∂ξ
= 0, (45)
(H0ϕη + ϕθI)∂u2
∂ξ
+ ∂u1
∂θ
+H0 ∂u1
∂η
+ (∇uH)0 u1ϕη ∂u1
∂ξ
+ (∇ub)0 u1 = K∂
3u1
∂ξ3
, (46)
where the index ()0 denotes a quantity evaluated for u = u0, and
K =
0 [(ν − 1)α2η2α−2 + 2− ν](4κ?ϕ2θ − 2βϕ2η)ϕη 00 0 0
0 0 0
 .
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From (45), by introducing the normal wave speed
s = −ϕθ
ϕη
, (47)
we get that it has to be
det(H0 − sI) = 0,
i.e., s(u0) is an eigenvalue of the matrix H0, whereas the corresponding right eigenvector d0 = d(u0) allows us to
write:
u1 = pi(θ, η, ξ)d0,
pi being the so-called wave amplitude factor.
The possible values for the normal wave speeds are
s0 = 0,
s± = ±
√
(ν − 1)[3α2(λ+ 2µ)+ 2λ]η2(α−1) + (2− ν)(5λ+ 6µ).
In the following, we will limit ourselves to considering the waves propagating with the velocity s+, but similar results
are obtained for the waves travelling with velocity s = s−.
In the case of cylindrical symmetry, we have
s+ =
√
5λ+ 6µ (48)
whereas in the case of spherical symmetry, we have
s+ = aηα−1, a =
√
3α2(λ+ 2µ)+ 2λ; (49)
that, when α = 1 (propagation in a constant state), turns out to be equal to (48).
Upon the definition of the function
Ψ = ϕθ + sϕη,
the phase function ϕ satisfies the eikonal equation Ψ0 = Ψ(u0) = 0.
By solving the eikonal equation with the initial condition ϕ(η, 0) = η, in the cylindrical case we have
ϕ = η − θ√5λ+ 6µ,
whereas in the spherical case we obtain
ϕ =
[
η2−α − a(2− α)θ
]1/(2−α)
.
Moreover, by introducing the characteristic rays
dη
dσ
= ∂Ψ0
∂ϕη
,
dθ
dσ
= ∂Ψ0
∂ϕθ
,
dϕθ
dσ
= −∂Ψ0
∂θ
,
dϕη
dσ
= −∂Ψ0
∂η
,
where σ denotes the time along the characteristic rays, i.e.,
∂
∂σ
= ∂
∂θ
+ s+ ∂
∂η
,
we derive that, along the characteristic rays, it has to be
θ = σ, η = √5λ+ 6µ (σ + η0) , η0 constant,
in the case of cylindrical symmetry, and
θ = σ, η = [a(2− α)(σ + η0)]1/(2−α)
in the case of spherical symmetry.
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Finally, the evolution equation for pi is obtained by left multiplying (46) by the left eigenvector of the matrixH0.
7. Evolution equations
In the cylindrical case, the evolution equation we get is
∂pi
∂σ
+ 3(λ+ 2µ)√
5λ+ 6µpi
∂pi
∂ξ
+ 2κ?(5λ+ 6µ)− β√
5λ+ 6µ
∂3pi
∂ξ3
+ 1
2(σ + η0)pi = 0, (50)
that is, the well known cylindrical Korteweg–deVries equation [20,26], which can be easily transformed into the
classical KdV equation [20,11].
On the contrary, in the spherical case we have
∂pi
∂σ
+ 3α(λ+ 2µ)
a
(
σ + η0
η0
) 1−α
2−α
pi
∂pi
∂ξ
+α2 [aη0(2− α)]
3(α−1)
2−α
{
2aκ? − βa [a(2− α)(σ + η0)]
2(1−α)
2−α
}
∂3pi
∂ξ3
+6α
2(λ+ 2µ)+ 4λ− a2(α − 1)
2a2(2− α)
1
σ + η0pi = 0, (51)
that, when we consider wave propagation in a constant state (α = 1), reduces to the spherical KdV equation [23,26]:
∂pi
∂σ
+ 3λ+ 6µ√
5λ+ 6µpi
∂pi
∂ξ
+ 2κ?(5λ+ 6µ)− β√
5λ+ 6µ
∂3pi
∂ξ3
+ 1
σ + η0pi = 0. (52)
In closing, we remark that the normal wave speeds are determined by the principal hyperbolic part of the governing
system (34), whereas the higher-order effects accounting for the microstructure enter via the evolution equations of
the wave amplitude factor.
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